The recent discovery of gravitational waves from merging black holes has generated interest in primordial black holes as a possible component of the dark matter. In this paper, we show that pulsar timing may soon have sufficient data to constrain 1-1000 M primordial black holes via the non-detection of a third-order Shapiro time delay as the black holes move around the Galactic halo. We present the results of a Monte Carlo simulation which suggests that future data from known pulsars may be capable of constraining the PBH density more stringently than other existing methods in the mass range ∼1-30 M . We find that timing new pulsars discovered using the proposed Square Kilometre Array may constrain primordial black holes in this mass range to comprise less than ∼1-10% of the dark matter.
I. INTRODUCTION
Cosmology is at an observational crossroads. On the one hand, the specific microphysical description of dark matter (DM) has remained elusive for several decades, with some of the best ideas so far looking increasingly constrained (see Refs. [1, 2] and references cited therein). Meanwhile, we have recently seen the stunning confirmation of Einstein's theory of general relativity in the form of the Laser Interferometer Gravitational-Wave Observatory (LIGO) detection of the gravitational wave (GW) event GW150914, opening up a new window into understanding our universe [3] . Recently, there has been interest in the interpretation of GW150914 as a possible signal of DM. In particular, it has been proposed that LIGO may have discovered DM in the form of two coalescing ∼30 M primordial black holes (PBHs) [4] [5] [6] [7] , though the specific DM interpretation of this scenario appears to depend on the PBH binary formation mechanism [8] .
The existence of PBHs was originally proposed in 1974 by Carr and Hawking [9] , initiating an extensive observational program to constrain their abundance. PBHs are of particular theoretical interest because they have all the relevant properties of dark matter and can be produced in the early universe by mechanisms such as hybrid inflation [10, 11] , axion-curvaton inflation [12] , and cosmic strings [13] . Thus, the presence of PBHs can provide a solution to the longstanding mystery of DM and can also shed light on physics at energies well above terrestrially accessible scales.
The abundance of PBHs with masses 1-1000 M (encompassing the LIGO mass sensitivity window) has already been constrained. Below ∼20 M , the fraction of DM comprised of PBHs is constrained by microlensing [14] [15] [16] . At masses above ∼100 M , a significant presence of PBHs would disrupt wide stellar binaries [17] [18] [19] . At intermediate masses, accretion onto PBHs would * kschutz@berkeley.edu † Hubble Fellow induce CMB spectral distortions and modify the spectrum of CMB anisotropies [20, 21] , though some have recently argued that constraints based on this approach may require significant reinterpretation due to uncertainties in the modeling of complex astrophysical processes [5, 6] . More recently, the survival of stellar clusters in Eradinus II and other ultra-faint dwarf galaxies has constrained the PBH abundance for masses above ∼10 M [22] , reinforcing the exclusion of pure, single-mass PBH DM in the entire LIGO mass window. PBHs from inflation are expected to have an extended mass spectrum owing to critical collapse, and the breadth of the mass spectrum could soften the constraints on the total PBH DM abundance [6, 23] . However the typical log-normal mass spectrum from critical collapse is still excluded when the constraints from the observables mentioned above are jointly analyzed [24] . Strong gravitational lensing of fast radio bursts has been proposed as a means to further constrain the PBH abundance in this mass range with upcoming surveys [25] . In this paper, we propose that pulsar timing be used to improve limits on PBH DM in the LIGO mass window. Pulsars are magnetized neutron stars that emit regular pulses of light; in particular, millisecond pulsars (MSPs) have periods whose extreme stability rivals that of atomic clocks [26] . The precise nature of the pulse arrival times makes MSPs ideal for probing general relativistic effects. For example, a search for low-frequency gravitational waves is currently being carried out by monitoring a large collection of MSPs as part of three pulsar timing arrays (PTAs) [27] [28] [29] . Already, PTAs have been used to place constraints on the existence of nearby supermassive black hole binaries via the non-detection of their GW signatures [30] [31] [32] [33] .
Pulsar timing has previously been suggested as a means to detect GWs from PBHs in a scenario where the super-Hubble scalar fluctuations that source the PBHs also generate a second-order tensor perturbation [34, 35] . One can also search for Doppler shifts in the pulse arrival times from accelerations of the pulsar or Earth due to nearby PBHs imparting a gravitational kick [36, 37] . Here, we propose using MSPs to measure the Shapiro time delay from PBHs moving relative to the pulsar line of sight (LOS). This motion causes the gravitational potential to change along the LOS and induces a long-term shift in the pulse arrival times. Shapiro delays have been previously explored as a method for detecting DM substructure [38] [39] [40] [41] . The time delay from other compact objects such as stars and astrophysically-generated black holes has also been considered [42] [43] [44] [45] . Amid any possible skepticism regarding the modeling of complex astrophysical phenomena to derive constraints on PBH DM, pulsar timing poses a relatively clean, independent method for constraint.
The rest of the paper is organized as follows. Following the methods originally outlined in Ref. [39] , we describe the observational setup and signatures of PBH DM in Section II. We perform an exploratory Monte Carlo analysis to forecast the constraints that could be achieved with pulsar timing from individual PBH motion in Section III. Concluding remarks follow in Section IV.
II. OBSERVATIONAL SIGNATURES OF PBHS
Suppose the pulse times of arrival (TOA) from a pulsar are monitored. Standard effects -such as Doppler shifting from the Earth's orbit around the sun and the pulsar's proper motion -can influence the TOA. PTA analysis pipelines have proven rather adept at modeling and adjusting for a wide variety of effects in their searches for gravitational waves, and the same techniques can potentially be applied to searches for other general relativistic phenomena.
In computing their impact on the TOA, we treat PBHs as point masses since a simple order-of-magnitude estimate shows that the odds of observing strong-field influences on the pulse TOA are one in a trillion over a continuous 30-year observing period.
1 In the weak-field limit, a point mass affects the spacetime metric as
where c is the speed of light, φ ≡ −GM/r is the Newtonian potential of a point with mass M located a distance r away, and G is the gravitational constant. At leading order in φ/c 2 , two terms source delayed TOA for a null geodesic in this gauge. The first is known as the Shapiro time delay and comes from the time-time part of the metric [46] . The second is a geometric time delay, coming from spatial curvature in the path of the null geodesic. Since we are concerned with PBHs in the mass range 1-1000 M that have thus far evaded detection from methods that involve geometric shifts (i.e. microlensing) we ignore subdominant geometric contributions to the time delay. Thus, the relevant quantity is the cumulative Shapiro delay along the undeflected null geodesic,
where the integration variable extends along the LOS and where the geometry of the system is defined in Figure 1 . Specifically, r L is the radial distance from the LOS to the PBH lens, d S is the distance from the Earth to the pulsar, d L is the distance along the LOS from the Earth to the PBH, and d LS is the distance along the LOS between the source and the lens. If the point mass is stationary relative to the LOS, its presence can never be measured using the Shapiro delay, as this would amount to a constant phase shift in the pulse TOA. Thus, pulsar timing is not sensitive to the total foreground mass, but only to changes in time delay as the foreground mass moves, analogous to the integrated Sachs-Wolfe effect in cosmology [47] . We therefore promote the geometric parameters in Eq. (2) to be functions of the observing time T , and the Shapiro delay can then be measured in principle from analyzing the TOA.
In practice, observational degeneracies will place even more restrictions on how much of a measured time delay can be attributed to a Shapiro delay. To see this, consider an example where a PBH is initially located at d L = d LS ≡ d 0 along the LOS of a pulsar. Further assume that the PBH begins at r L = r L,0 and moves at a constant inward radial velocity, v r . Under this simple example where v LOS and v az (the initial LOS and azimuthal velocities from Fig. 1 ) are zero, the arrival time t(n) of the nth pulse from the pulsar is given by
where P andṖ are the initial period of the pulsar and its time derivative, respectively. In the first equality above, we drop the highly subdominant coupling term between the period evolution and the Shapiro delay. In the second equality, we expanded in powers of n and additionally assumed that r L,0 d 0 to simplify this example. Note that we are using a quasi-static approximation where the PBH motion is not factored into the integral because effects from changes to the geometry between pulses on millisecond timescales are negligible.
As discussed above, the O(n 0 ) constant term from Eq. (3) is not observable. However, it is not the only unobservable term: the O(n) term due to the PBH can be absorbed into one's measurement of P , and the O(n 2 ) term is degenerate with a redefinedṖ . Neither P norṖ can be ascertained for a given pulsar outside of its timing model because we do not have any way to independently measure the intrinsic pulse period or spin-down rate of the pulsar. Therefore, any observable Shapiro delay signature from PBHs must arise from O(n 3 ) and higher terms, 2 similar to the timing statistic outlined in Ref. [48] . Over a long time T , the observable portion of the Shapiro delay is given by
to leading order. Note that the T 3 dependence seen above amounts to an integrated constraint on the second time derivative of the period. Under the standard assumption of pulsar spin-down due to magnetic dipole braking [49] , this second time derivative of the period is expected to be very small and positive, resulting in nanosecond-level delays over a 30-year observing period. Meanwhile, the sign of Eq. (4) can be positive or negative and (as we will show) can lead to timing residuals at an observable level of ∼0.1 µs. Of course, in real observations there are other ways to generate this time dependence without PBHs, for instance large fluctuations in the magnetic field around the pulsar [50] or a binary companion with a wide orbit [51] . Additionally, Shapiro delays can in principle be caused by luminous compact objects along the LOS (like stars). However, these other signatures can ostensibly be searched for in followup observations.
In the next section we simulate just how many pairs of PBHs and pulsars are likely to yield an observable signature, under the assumptions of a particular observing time, pulse timing precision, PBH number density, and velocity distribution. This in turn can be converted into a forecast for how well pulsar timing can probe the abundance of PBH DM.
III. PROJECTED CONSTRAINTS
In this section, we describe our Monte Carlo simulation of the constraints that could feasibly be achieved using future pulsar timing data. First, we consider a collection of pulsars consisting of all 178 MSPs in the ATNF pulsar catalog with period derivatives between 10 −21 and 10 −18 in magnitude [52] . Most of these MSPs are within 2 kpc of Earth and many have been actively monitored for decades, continuing to be monitored into the future as part of at least one of the three active PTAs. Some of the pulsars in this collection have a very similar LOS, leaving 143 non-redundant pulsar LOS. For a more futuristic projection, we also consider a collection of 2000 pulsars, which could reasonably be discovered and monitored using the Square Kilometre Array (SKA) [53] . We assume that the SKA pulsars are isotropically distributed at a distance of 2 kpc from Earth. For both observational setups, we assume a fiducial 30-year observing period. Present-day pulsar timing can achieve optimal timing precision (the root-mean-square timing residual) of around 0.05 µs for the best-timed pulsars (see e.g. pulsar J0645+5158 in the NANOGrav nine-year data set [54] ), so we optimistically assume a detection threshold of a 0.05 µs shift over the observing period.
For each of the two ensembles of pulsars, the simulation populates the local Milky Way (MW) DM halo with PBHs in the region between the pulsars and Earth. For the local DM distribution, we assume a singular isothermal sphere density profile ρ ∼ 1/r 2 , where r is the radius from the Galactic center, consistent with the observed flat rotation curve in the local MW [55] . We have checked that our results are insensitive to using this profile rather than using a Navarro-Frenk-White profile [56] [53] . Also shown are the most stringent observational constraints from microlensing [16] , constraints from ultra-faint dwarf galaxies and Eridanus II assuming conservative dynamical parameters [22] , conservative projected constraints from lensing of 10 4 fast radio bursts [25] , and existing constraints from the nondisruption of wide stellar binaries [19] . For emphasis, dashed lines denote projected constraints.
the fact that we are simulating a relatively small volume of the galactic halo near the Earth at r ≈ 8 kpc. To normalize the density profile, we take the local DM density to be 10 −2 M /pc 3 ∼ 0.3 GeV/cm 3 in order to be roughly consistent with a broad range of measurements [57] . For the velocities, we assume an isotropic MaxwellBoltzmann distribution, consistent with this density profile [55] , with an RMS velocity of 220 km/s.
In populating the MW halo with PBHs, we make the standard assumption that the PBHs all have the same mass. For a given PBH mass, the quantity we constrain is the fraction of DM that is made of PBHs, by mass. This quantity, f PBH , can be expressed as f PBH = ρ PBH /ρ DM , where ρ X is the mass density of species X. Each time we populate the local MW halo with PBHs and assign them a velocity, we compute the expected change in the time delay for each pulsar over a 30-year observing period, subtracting off the linear and quadratic pieces due to the aforementioned degeneracies. Note that in the subtraction procedure we use the full expression for the time delay rather than assuming the simplified geometry of Eq. (3). Scanning through parameter space, we simulate MW halos for a given f PBH and PBH mass M and record the fraction which contain a PBH that is detectable from having a third-order change in the time delay greater than 0.05 µs. In Figure 2 , we show the f PBH values where 90% of simulated halos have a detectable PBH of mass M .
The trend and normalization of the projected constraint can be explained with a simple order-ofmagnitude argument. The time delay is maximized when the LOS radius is small and the PBH velocity is radial because such a configuration maximally changes the potential along the LOS. In this limit, the third-order time delay scales as ∆t obs ∼ GM (v r T ) 3 /(r L c) 3 , as shown in Eq. (3). This means that for a given observation time, timing precision, fiducial velocity, and PBH mass we can solve for the r L that would give an observable time delay and define a PBH cylinder of influence with volume πd S r 2 L . Then assuming a roughly constant mean DM density of 10 −2 M /pc 3 in the local MW halo and assuming most detected events are near the ∆t RMS timing resolution threshold, the expected number N PBH of detectable PBHs within a given pulsar's timing signal is
Expecting roughly one detectable PBH in any random configuration of the galactic halo with N LOS pulsar LOS yields
The rough normalization of f PBH and the scaling f PBH ∼ M 1/3 can be seen in the simulation results in Figure 2 . The plot does not extend past 1 M because at that mass, the radius of influence to the LOS is comparable to the distance traversed over the observing time; in this case, the expansion of Eq. (3) cannot be truncated, meaning that the M 1/3 scaling does not persist and sensitivity drops precipitously.
Our projections should be interpreted with the following practical considerations in mind. First, it is interesting to note that since the SKA is projected to provide strong constraints, the full 30-year observing time may not be absolutely necessary and a shorter observing campaign could be enough to meaningfully improve the constraints. Another consideration regarding these projections arises from the fact that e.g. Ref. [43] has estimated that the Shapiro delay from stars is a factor of ∼20 weaker than for DM, meaning that the level of constraint in these forecasts could be influenced by stellar "backgrounds" starting below f ∼ 0.05. In the event of a detection of a third-order Shapiro delay, followup observations should be made; from the scaling arguments presented above Eq. (5), the characteristic angular scale of influence is ∼1 arcsecond, making these followups fairly targeted. In the event that stellar backgrounds start to become a limiting factor, the spatial distribution of stars in the Galactic disk means that pulsars at high Galactic latitude could provide a cleaner constraint on PBHs. A final remark is that we have assumed an isotropic distribution of SKA MSPs, despite the fact that many known pulsars lie along a similar LOS. Despite the fact that this reduces the effective volume of space where PBHs can induce Shapiro delays, the redundancy in LOS may actually help boost the signal-to-noise ratio. If a thirdorder Shapiro delay is coherently seen in multiple pulsars along a particular LOS in a very correlated way, that could dispel any concern that the signal is coming from something locally affecting any individual pulsar, such as a wide binary companion or fluctuations in the magnetic field.
In addition to the physical considerations discussed above, there are also issues of noise and degeneracy to consider. One possible issue is that there may be some level of degeneracy between a third-order Shapiro delay and other expected effects such as the nonzero first derivative of the pulsar period. This degeneracy arises because T 2 and T 3 are not orthogonal functions. We have performed a simple Fisher matrix analysis and find that the error in ∆t Shapiro (with the degeneracy taken into account) is at the sub-nanosecond level. Another issue comes from red noise signatures which are known to be present in some pulsars [54, 58] . Due to red noise effects, it is possible that some pulsars will not achieve 50 ns timing residuals over the fiducial observing period of 30 years. Given the relatively weak f PBH ∼ ∆t 2/3 RMS scaling and known levels of red noise in pulsar timing analysis [54] , we do not expect our forecasts to change by more than order unity factors. We further emphasize that the Shapiro delay has additional distinguishing features. For example, prewhitened timing residuals in pulsars with red noise fluctuate about zero and can depend on the observed radio frequency, for instance due to unmodelled effects in the interstellar medium [54] . Meanwhile, in the sensitivity window for the Shapiro delay, a key prediction is that the time delay will be monotonic (i.e. the signal strength will grow with time) and achromatic. Therefore, we believe that the Shapiro delay can be observed or excluded with sufficient signal-to-noise even in the presence of red noise due to these distinct observational features of the signal. A detailed followup analysis would further elucidate the possible statistical significance of a detection or constraint.
IV. CONCLUSIONS
In this paper, we have shown that pulsar timing has the potential to constrain the abundance of PBH DM. As PBHs move through the Galactic halo, close encounters with the line of sight between the Earth and a given millisecond pulsar will result in third-order Shapiro delays in pulse arrival times. Over observational timescales of 30 years, the cumulative delay can be observed with timing resolutions achieved by modern PTAs using known pulsars as well as undiscovered pulsars, for instance from the proposed SKA.
We find the resulting upper limits on the fraction of PBH DM, f DM , to scale as M 1/3 , where M is the assumed mass of the PBHs. This scaling arises because for a given fixed local DM density, increasing M has the effect of decreasing the number of PBHs in the Galactic halo, reducing the number of close encounters with pulsar LOS. However, a larger M also results in larger Shapiro delays, relaxing the criterion of what constitutes a "close" encounter. The former effect dominates the latter one, and thus a non-detection of a third-order time delay places the strongest upper limits on f DM at low values of M . Figure 2 confirms our scaling arguments using numerical simulations with known pulsars and SKA pulsars with optimistic levels of timing resolution. The simulations suggest that PBH DM can be constrained at the 1-10% level in the mass range M ∼1-1000M . Thus, we expect that using future data to perform the analysis proposed in this paper will yield competitive constraints on the abundance of PBHs, providing yet another crucial step in our ongoing quest to understand the nature of DM.
